The benchmark test case for non-orthogonal grid mesh, the "driven skewed cavity flow", first introduced by Demirdžiü et al. [5] for skew angles of 
Introduction
In the literature, it is possible to find many numerical methods proposed for the solution of the steady incompressible N-S equations. These numerical methods are often tested on several benchmark test cases in terms of their stability, accuracy as well as efficiency. Among several benchmark test cases for steady incompressible flow solvers, the driven cavity flow is a very well known and commonly used benchmark problem. The reason why the driven cavity flow is so popular may be the simplicity of the geometry. In this flow problem, when the flow variables are nondimensionalized with the cavity length and the velocity of the lid, Reynolds number appears in the equations as an important flow parameter. Even though the geometry is simple and easy to apply in programming point of view, the cavity flow has all essential flow physics with counter rotating recirculating regions at the corners of the cavity. Among numerous papers found in the literature, Erturk et al. [6] , Botella and Peyret [4] , Schreiber and Keller [21] , Li et al. [12] , Wright and Gaskel [30] , Erturk and Gokcol [7] , Benjamin and Denny [2] and Nishida and Satofuka [16] are examples of numerical studies on the driven cavity flow.
Due to its simple geometry, the cavity flow is best solved in Cartesian coordinates with Cartesian grid mesh. Most of the benchmark test cases found in the literature have orthogonal geometries therefore they are best solved with orthogonal grid mesh. However often times the real life flow problems have much more complex geometries than that of the driven cavity flow. In most cases, researchers have to deal with nonorthogonal geometries with non-orthogonal grid mesh. In a non-orthogonal grid mesh, when the governing equations are formulated in general curvilinear coordinates, cross derivative terms appear in the equations. Depending on the skewness of the grid mesh, these cross derivative terms can be very significant and can affect the numerical stability as well as the accuracy of the numerical method used for the solution. Even though, the driven cavity flow benchmark problem serves for comparison between numerical methods, the flow is far from simulating the real life fluid problems with complex geometries with non-orthogonal grid mesh. The numerical performances of numerical methods on orthogonal grids may or may not be the same on non-orthogonal grids.
Unfortunately, there are not much benchmark problems with non-orthogonal grids for numerical methods to compare solutions with each other. Demirdžiü et al. [5] have introduced the driven skewed cavity flow as a test case for non-orthogonal grids. The test case is similar to driven cavity flow but the geometry is a parallelogram rather than a square. In this test case, the skewness of the geometry can be easily changed by changing the skew angle (D ). The skewed cavity problem is a perfect test case for body fitted non-orthogonal grids and yet it is as simple as the cavity flow in terms of programming point of view. Later Oosterlee et al. [17] , Louaked et al. [13] , Roychowdhury et al. [20] , Xu and Zhang [31], Wang and Komori [28] , Xu and Zhang [32], Tucker and Pan [27] , Brakkee et al. [3] , Pacheco and Peck [18] , Teigland and Eliassen [25] , Lai and Yan [11] and Shklyar and Arbel [22] have solved the same benchmark problem. In all these studies, the solution of the driven skewed cavity flow is presented for Reynolds numbers of 100 and 1000 for only two different skew angles which are 30 
D
, and 45
, and also the maximum number of grids used in these studies is 320¯320.
Periü [19] considered the 2-D flow in a skewed cavity and he stated that the governing equations fail to converge for 30
The main motivation of this study is then to reintroduce the skewed cavity flow problem with a wide range of skew angle (15 165 D dd ,, ) and present detailed tabulated results obtained using a fine grid mesh with 512¯512 points for future references.
Erturk et al. [6] have introduced an efficient, fast and stable numerical formulation for the steady incompressible Navier-Stokes equations. Their methods solve the streamfunction and vorticity equations separately, and the numerical solution of each equation requires the solution of two tridiagonal systems. Solving tridiagonal systems are computationally efficient and therefore they were able to use very fine grid mesh in their solution. Using this numerical formulation, they have solved the very well known benchmark problem, the steady flow in a square driven cavity, up to Reynolds number of 21000 using a 601¯601 fine grid mesh. Their formulation proved to be stable and effective at very high Reynolds numbers ( [6] , [7] , [8] ).
In this study, the numerical formulation introduced by Erturk et al. [6] will be applied to Navier-Stokes equations in general curvilinear coordinates and the numerical solutions of the driven skewed cavity flow problem with body fitted non-orthogonal skewed grid mesh will be presented. By considering a wide range of skew angles, the efficiency of the numerical method will be tested for grid skewness especially at extreme skew angles. The numerical solutions of the flow in a skewed cavity will be presented for Reynolds number of 100 and 1000 for a wide variety of skew angles ranging between 15 
Numerical Formulation
For two-dimensional and axi-symmetric flows it is convenient to use the streamfunction (\ ) and vorticity (Z ) formulation of the Navier-Stokes equations. In non-dimensional form, they are given as xx yy \ \Z (1) ()
where, Re is the Reynolds number, and x and y are the Cartesian coordinates. We consider the governing Navier-Stokes equations in general curvilinear coordinates as the following
Following Erturk et al. [6] , first pseudo time derivatives are assigned to streamfunction and vorticity equations and using an implicit Euler time step for these pseudo time derivatives, the finite difference formulations in operator notation become the following 22 22 1 
Where [ 
The advantage of these equations are that each equation require the solution of a tridiagonal systems that can be solved very efficiently using the Thomas algorithm. It can be shown that approximate factorization introduces additional second order terms (O( t ' 2 ))in these equations. In order for the equations to have the correct physical representation, to cancel out the second order terms due to factorization the same terms are added to the right hand side of the equations. The reader is referred to Erturk et al. [6] for more details of the numerical method. The final form of the equations take the following form 22 22 1
n xy x xy y xy x xy y tt tt 
3. Driven Skewed Cavity Flow Fig. 1 illustrates the schematic view of the benchmark problem, the driven skewed cavity flow. We will consider the most general case where the skew angle can be 90
In order to calculate the metrics, the grids in the physical domain are mapped onto orthogonal grids in the computational grids as shown in Fig. 2 
where N is the number of grid points. We consider a (N¯N) grid mesh. The determinant of the Jacobian matrix is found as
The transformation metrics are defined as ,,, || || || || xyxy yxyx JJJJ
Substituting Equations (11) and (12) into (13), the transformation metrics are obtained as the following ,, , (14) Note that since we use equal grid spacing, the second order transformation metrics will be all equal to zero such that for example
Hence xx yy xx yy
These calculated metrics are substituted into Equations (9) and (10) 
The solution methodology of each of the above two equations, Equations (17) and (18), involves a two-stage time-level updating. First the streamfunction equation (17) is solved, and for this, the variable f is introduced such that
where
In Equation (20) f is the only unknown variable. First, this Equation (20) is solved for f at each grid point. Following this, the streamfunction (\ ) variable is advanced into the new time level using Equation (19) .
Then the vorticity equation (18) is solved, and in a similar fashion, the variable g is introduced such that
As with f , first the variable g is determined at every grid point using Equation (22), then vorticity (Z ) variable is advanced into the next time level using Equation (21).
Boundary Conditions
In the computational domain the velocity components are defined as the following
On the left wall boundary we have
where the subscripts 0 and j are the grid indexes. Also on the left wall, the velocity is zero ( u 0 and v 0 ). Using Equations (23) and (24) we obtain
and also
Therefore, substituting these into the streamfunction Equation (3) and using Thom's formula [26] , on the left wall boundary the vorticity is calculated as the following 
On the top wall the u-velocity is equal to u 1 . Following the same procedure, the vorticity on the top wall is found as
We note that, it is well understood ( [10] , [15] , [23] , [29] ) that, even though Thom's method is locally first order accurate, the global solution obtained using Thom's method preserves second order accuracy. Therefore in this study, since three point second order central difference is used inside the skewed cavity and Thom's method is used at the wall boundary conditions, the presented solutions are second order accurate. In the skewed driven cavity flow, the corner points are singular points for vorticity. We note that due to the skew angle, the governing equations have cross derivative terms and because of these cross derivative terms the computational stencil includes 3¯3 grid points. Therefore, the solution at the first diagonal grid points near the corners of the cavity require the vorticity values at the corner points. For square driven cavity flow Gupta et al. [9] have introduced an explicit asymptotic solution in the neighborhood of sharp corners. Similarly, Störtkuhl et al. [24] have presented an analytical asymptotic solutions near the corners of cavity and using finite element bilinear shape functions they also have presented a singularity removed boundary condition for vorticity at the corner points as well as at the wall points. In this study we follow Störtkuhl et al. [24] and use the following expression for calculating vorticity values at the corners of the skewed cavity 
where V is the speed of the wall which is equal to 1 for the upper two corners and it is equal to 0 for the bottom two corners. The reader is referred to Störtkuhl et al. [24] for details.
Results
The steady incompressible flow in a driven skewed cavity is numerically solved using the described numerical formulation and boundary conditions. We have considered two Reynolds numbers, Re=100 and Re=1000. 
The magnitude of ERR1 is an indication of the degree to which the solution has converged to steady state. In the limit ERR1 would be zero. The second error parameter, ERR2 , is defined as the maximum absolute difference between an iteration time step in the streamfunction and vorticity variables. These are respectively given as 
In our computations, for every Reynolds numbers and for every skew angles, we considered that convergence was achieved when both ERR \ 1 and ERR Z 1 were less than 10 
10
. Such a low value was chosen to ensure the accuracy of the solution. At these residual levels, the maximum absolute difference in streamfunction value between two time steps, ERR \ 2 , was in the order of 17 
and for vorticity, ERR Z 2 , it was in the order of 15 
. And also at these convergence levels, between two time steps the maximum absolute normalized difference in streamfunction, ERR \ 3 , and in vorticity, ERR Z 3 , was in the order of 14 
, and 13 
respectively.
We note that at extreme skew angles, convergence to such low residuals is necessary. For example, at skew angle 15 D , at the bottom left corner, and at skew angle 165 D , at the bottom right corner, there appears progressively smaller counter rotating recirculating regions in accordance with Moffatt [14] . In these recirculating regions confined in the sharp corner, the value of streamfunction variable is getting extremely smaller as the size of the recirculating region gets smaller towards the corner. Therefore, it is crucial to have convergence to such low residuals especially at extreme skew angles.
Before solving the skewed driven cavity flow at different skew angles first we have solved the square driven cavity flow to test the accuracy of the solution. The square cavity is actually a special case for skewed cavity and obtained when the skew angle is chosen as 90
For the square driven cavity flow, the streamfunction and the vorticity values at the center of the primary vortex and the location of this center are tabulated in Table 1 for Reynolds numbers of Re=1000, together with results found in the literature. The present results are almost exactly the same with that of Erturk et al. [6] . This was expected since in both studies the same number of grid points were used and also the spatial accuracy of both the boundary condition approximations and the solutions were the same. Furthermore the presented results are in very good agreement with that of highly accurate spectral solutions of Botella and Peyret [4] and extrapolated solutions of Schreiber and Keller [21] and also fourth order solutions of Erturk and Gokcol [7] with approximately less than 0.18% and 0.14% difference in streamfunction and vorticity variables respectively. For all the skew angles considered in this study ( D , , we decided to validate our solutions at different skew angles. In order to do this we compare our results with the results found in the literature. At this point, we would like to note that in the literature among the studies that have solved the skewed cavity flow ( [5] , [17] , [13] , [20] , [31] , [28] , [32] , [27] , [3] , [18] , [25] , [11] and [22] ), only Demirdžiü et al. [5] , Oosterlee et al. [17] , Shklyar and Arbel [22] and Louaked et al. [13] have presented tabulated results therefore we will mainly compare our results with those studies.
As mentioned earlier, Demirdžiü et al. [5] [17] , Louaked et al. [13] and Shklyar and Arbel [22] . The results of this study and the results of Demirdžiü et al. [5] and also those of Oosterlee et al. [17] , Shklyar and Arbel [22] and Louaked et al. [13] agree well with each other, although we believe that our results are more accurate since in this study a very fine grid mesh is used. Figure 5 to Figure 8 show the streamline and also vorticity contours for Re=100 , in order to demonstrate the accuracy of the numerical solutions we presented, a good mathematical check would be to check the continuity of the fluid, as suggested by Aydin and Fenner [1] . We have integrated the u-velocity and v-velocity profiles along line A-B and line C-D, passing through the geometric center of the cavity shown by the red dotted line in Table 3 tabulates the normalized volumetric flow rates through the considered sections. We note that in an integration process the numerical errors will add up, nevertheless, the normalized volumetric flow rate values tabulated in Table 3 are close to zero, such that they can be considered as 0 AB CD QQ || . This mathematical check on the conservation of the continuity shows that our numerical solution is indeed very accurate at the considered skew angles and Reynolds numbers.
We note that, to the authors best knowledge, in the literature there is not a study that considered the skewed cavity flow at the skew angles used in the present study other than 30 D , and 45
The solutions presented in this study are unique therefore, for future references, in Table 4 we have tabulated the minimum and also maximum streamfunction values and their locations and also the vorticity value at these points for Reynolds number of 100 and 1000 for all the skew angles considered, from 15 D , , the strength of vorticity at the center of the primary vortex increase. At this Reynolds number, Re=1000, the streamfunction value at the center of the primary vortex also show the same type of behavior, where the value of the streamfunction start to increase as the skew angle increase until 90 D , , then start to decrease as the skew angle increase further. However at Reynolds number of 100, the minimum value of the strength of vorticity and also the maximum value of the streamfunction at the center of the primary vortex occur at D , . In order to explain this behavior, we decided to look at the location of the center of the primary vortex at different skew angles. The strength of vorticity at the center of the primary vortex is proportional with the vertical distance between the center of the primary vortex and the top moving lid. As the center of the primary vortex move away from the top moving wall, the strength of vorticity at the center should decrease. Figure 9 shows the vertical distance between the center of the primary vortex and the top moving lid and as a function of the skew angle for both Re=100 and 1000. As this figure show at Re=100 the eye of the primary vortex is at its farthest position from the top moving lid at 105 Table 5 and 6 we have tabulated the u-velocity profiles along line A-B (shown in Figure 1) for Reynolds number of 100 and 1000 respectively, and similarly, in Table 7 and 8 we have tabulated the v-velocity profiles along line C-D (also shown in Figure 1) for Reynolds number of 100 and 1000 respectively.
Conclusions
In this study the benchmark test case for non-orthogonal grid mesh, the skewed cavity flow introduced by Demirdžiü et al. [5] 
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